A new variational characterization of solutions for an important class of nonlinear operator equations is obtained. The result obtained is used to derive sharp necessary and sufficient conditions for the solvability of such operator equations. Examples of the applicability of the results obtained to nonlinear Dirichlet problems and global differential geometry are discussed.
The importance of studying critical points that may not render an absolute minimum to a C' functional 6(u) has long been emphasized by Marston Morse (1, 2) . Here, I take up an important basic problem in which this point of view is essential. I seek a precise nonlinear analogue for the classic solvability theory of Fredholm (in the self-adjoint case). Thus (t) In the linear case, these difficulties can be circumvented by using the notions of orthogonality, orthogonal complement, and the spectral theory for self-adjoint operators. However, in the nonlinear case, these notions are not directly available, so that a nonlinear analogue of (t) must be pursued by alternative means. In this note, I show that a variational characterization of a tentative solution of the operator equation in question yields a precise analogue for (t) in the semilinear case. The result obtained substantially extends our earlier discussion of the problem (3) . The full details of the results obtained will appear in a forthcoming paper. VARIATIONAL (ii) for u EC = { uj9'(u) -fl IKer L}, 9(y) = 4(x + y + z) is strictly concave in y, and 9(y) -X -co as IIyII --co; (iii) foruE S= {ulLu + 91'(u) -fIHj nfl91,g(u) -cas Hull -co.
Then the number cl (or C2), if M $ 4, is a critical value for 6(u) on H.
The proof is based on the LENA. Suppose cl as defined above is finite. Suppose (i) for fixed x, y, the infimum over Ker L is attained at z = z(x, y), (ii) for fixed x, the supremum of 6 [x + y + z(x, y)] over HL is attained at y = y(x) with z(X, y) and y(x) differentiable functions of their arguments, and (iii) the infimum over H+ in Eq. [3 ] is attained at x. Then cl is a critical value for 4(u), and ti = x + y(2) + z[2, y(x)] is a critical point for6(u) with 4(u) = cl. An analogous result also holds for c2.
Proc. Nat. Acad. Sci. USA 70 (1973) Clearly, Theorem 1 can be considered as an extension of the von Neumann minimax theory of saddle points.
SOLVABILITY OF SEMILINEAR GRADIENT OPERATOR EQUATIONS
We now determine necessary and sufficient conditions for the solvability of the operator equation Lu + '(u) =f [4] by using the extended minimax principles of Eq. [5] are precisely the critical points of the functional 4 (u) = f {2 Vu| 2-G(u) -fu} dV with G'(x) = g(x) [6] in the Sobolev space W1,2(a), the Equation [5] can be written in the form of [4] . Moreover, one easily sees that, for f(=-f, the unique solution u(f) is a degenerate critical point of the functional Eq. [6], while for f e U, the corresponding two solutions ul(f), u2(j) are nondegenerate critical points of Morse index 0 and 1, respectively. Setting H = W1,2(0) and letting L denote the abstract operator representing (A + XI), we observe that, in this case, H-= A, so the critical points just mentioned cannot, however, be described by the formulae [3] . However, a variant of Theorem 2 holds, giving a precise criterion forfE Uu M. [7]
S2
The solutions of Eq.
[7] correspond exactly to the critical point of the functional restricted to the Sobolev space W1,2 (S2, g1)
[8] 
